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We show that relaxion, that addresses the hierarchy problem, can account for the observed dark
matter (DM) relic density. The setup is similar to the case of axion DM models topped with
a dynamical misalignment mechanism. After the reheating, when the temperature is well above
the electroweak scale, the backreaction potential disappears and the relaxion is displaced from its
vacuum. When the “wiggles” reappear the relxion coherently oscillates around its minimum as in
the case of vanilla axion DM models. We identify the parameter space such that the relaxion is
retrapped leading to the standard cosmology. When the relaxion is lighter than 10−4 eV, Hubble
friction during radiation-domination is sufficiently strong for retrapping, and even minimal models
are found to be viable. It also leads to a new constraint on relaxion models, as a sizable region of their
parameter space could lead to overabundant relaxion DM. Alternatively, even a larger parameter
space exists when additional friction is obtained by particle production from additional coupling to
an additional dark photon field. The phenomenology of this class of models is quite unique, as it
implies that, on the one hand, we are surrounded by a time-dependent axion-like field, while, on the
other hand, its background behaves as a time-dependent oscillating dilaton/scalar field due to the
relaxion-Higgs mixing.
Introduction. The relaxion mechanism provides an
alternative solution to the Higgs naturalness problem [1].
Within the relaxion framework, the electroweak (EW)
scale is not a fundamental scale of a UV theory, but
emerges as a result of dynamical evolution of our uni-
verse. The Higgs mass is not a constant but rather a
time dependent function of an axion-like field, the relax-
ion. An example of the potential of relaxion and Higgs
that realizes the relaxion mechanism is [2]
V (H,φ)= (Λ2 − gΛφ)|H|2 − cgΛ3φ− Λ
4
br
v2
|H|2 cos φ
f
, (1)
where Λ is the cutoff scale for the Higgs mass, f is axion
decay constant, c is an order one coefficient, g ∼ Λ4br/fΛ3,
and Λbr is the scale charactarizing the backreaction po-
tential, with v being the EW scale. A close interplay
between relaxion evolution due to the relaxion rolling po-
tential and the backreaction from Higgs-dependent relax-
ion potential allows the relaxion to be stabilized at the
vacuum that provides electroweak scale with UV param-
eters chosen in a technically natural way (for realisation
and further discussions see for instance [1, 3–8]).
In this paper, we investigate whether the model
presented above can account for the observed dark
matter relic density, in the context of the standard
ΛCDM cosmology with a high reheating temperature,
electroweak phase transition, and radiation domination
epoch after inflation. The only non-SM light degree
of freedom in a minimal scenario is the relaxion field
itself. It is shown that via a dynamical misalignment
mechanism the relaxion follows a viable axion-like DM
evolution.
Basic idea. Our basic observation is simple as
follows. During inflation, the relaxion scans the elec-
troweak Higgs mass, and settles down at one of its
local minima. After reheating, the EW symmetry is
restored and the backreaction potential disappears. As
a result, the relaxion field begins to evolve again, until
the backreaction potential appears at some temperature,
Tra. Requiring that the relaxion has been trapped in a
close-by minima, the relaxion field is displaced from its
local mininum with a certain misalignment angle, ∆θ.
Consequently, when the Hubble scale drops below its
mass, it begins to oscillates around the minimum. This
coherently oscillating relaxion field eventually constitutes
the DM in the present universe. To understand qualita-
tively why such a “relaxion-miracle” can occur, consider
the relaxion matter density during matter radiation
equality in units of the corresponding temperature, T 4eq:
ρDM/T
4
eq ∼ m2φf2/TeqT 3os ∼ 0.1 where we assume for
simplicity ∆θ ∼ 1, Tos ∼ v and Λbr ∼ 0.1 GeV. We show
below that a light relaxion can be efficiently trapped
either via the Hubble friction during the radiation
domination era, in a truly minimal model, or via particle
production from relaxion coupling to dark photon.
Minimal model. A viable DM model would require
that the relaxion is on the one hand sufficiently displaced
from its minima after reheating (assuming that it is well
above the EW scale) but on the other hand such that
the relaxion never dominates the energy density of the
universe before the matter-radiation equality, and also
keeps the Higgs mass close to its original value set by
the dynamics during inflation. Before discussing this,
let us consider the dark matter density at the begin-
ning of relaxion oscillation, Yφ(tosc) = nφ(tosc)/s(tosc)'
mφf
2(∆θ)2/2s(tosc), tosc is the time when the oscillation
begins, and s(t) is the entropy density. The tempera-
ture of the universe when the relaxion starts to oscillate
is given as Tos ≈ min
[
Ttr,
√
mφMPl
]
where Ttr is the
temperature of the universe when the relaxion is trapped
by the backreaction potential, and the second term in
the squared parenthesis is obtained by 3H(Tos) = mφ.
The resulting relic abundance at the present universe is
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2Ωφ = mφYφs(t0)/ρcrit, which can be written as
Ωφh
2 ≈ 3× (∆θ)2T=Tos
(
Λbr
1 GeV
)4(
100 GeV
Tos
)3
, (2)
where the observed DM abundance is ΩDMh
2 ' 0.12 [9].
Consider the case where the reheating temperature is
above the EW scale or at least above Tra . In order
for it to be retrapped, a source for dissipation must be
present. For this we consider two possibilities; Hubble
friction due to the radiation dominated universe, and
particle production from relaxion coupling to dark pho-
tons. Let us first consider the minimal case where the
relaxion evolution is only regulated via Hubble friction,
φ¨+ 3Hφ˙+ ∂V (v, φ)/∂φ = 0 . We have assumed that the
relaxion field is homogeneous over the size of observable
universe as a result of inflation, φ = φ(t). The solu-
tion to the equation of motion in radiation dominated
universe is given as φ˙(t) = 25gΛ
3t
[
1− (trh/t)5/2
]
where
trh is the proper time at the reheating. The kinetic en-
ergy should be smaller than the backreaction potential at
T = Tra, φ˙(tra) . Λ2br so that the relaxion is trapped by
backreaction potential [10]. In addition, the Higgs mass
change should be smaller than electroweak scale. These
constraints are interpreted as
Λ2br
f
= mφ . 5H(Tra) and
Λ4br
f
.
√
20ΛvH(Tra) . (3)
The condition on the left is obtained by requiring the
kinetic energy to be smaller than the backreaction po-
tential, while the one on the right is obtained by requir-
ing the Higgs mass change to be smaller than EW scale.
Given Λ2br . Λv [3] the first condition is always stronger
than the second one. This indicates that if the relaxion
mass is smaller than the Hubble scale at Tra, the relax-
ion evolution after the reheating is under control such
that it can be trapped by the backreaction potential at
T = Ttr = Tra, while it does not change the Higgs mass
very much from the EW scale. The relaxion field excur-
sion (effective misalignment) is given by
∆θ =
∆φ
f
' 1
20
[
mφ
H(Tra)
]2
. (4)
For mφ ' H(Tra), we see that the misalignment angle is
∆θ ∼ 0.1. From Eq. (2), the observed relic abundance
could be achieved for mφ ' 10−5 eV and f ' 1014 GeV.
For lighter relaxion mass, mφ . H(Tra), the misalign-
ment angle is suppressed, while the relaxion begins to
oscillate later (T 2os ∼ mφMPl), and the relic abundance
scales as Ωφh
2 ∝ m9/2f2 [11]. Restricting the relaxion
decay constant to be sub-Planckian, we find that the DM
window for our minimal scenario is
10−14
(
Tra
10 MeV
) 16
9
(
MPl
f
) 4
9
. mφ
eV
. 10−4
(
Tra
v
)2
. (5)
We finish this part by noting that there is a sizable
region that potentially lead to a relaxion overabundance,
resulting in a new constraint on minimal models:
mφ . 10−7 eV ×
(
Tra
100 GeV
) 16
9
(
MPl
f
)4/9
. (6)
Dissipation from dark photons. The main diffi-
culty for heavier relaxion, mφ & 5Hra, is that the kinetic
energy of relaxion is too large to be trapped by backre-
action potential. We thus below focus on this case, oth-
erwise the results presented above holds. The model’s
parameter space is extended to heavier relaxion mass
once we introduce couplings to new fields. In particu-
lar adding a coupling to dark photons via the operator
(rX/4f)φXµνX˜
µν , with the dark photon field strength
Xµν = ∂µXν − ∂νXµ, and its dual X˜, would lead to a
new source of dissipation (see e.g. [12, 13]). The new
interaction introduces a source term to the equation of
motion for relaxion,
φ¨+ 3Hφ˙+
∂V (v, φ)
∂φ
= − rX
4fa4
〈XµνX˜µν〉,
providing additional channel for relaxion to dissipate its
kinetic energy. At the same time, nonzero kinetic energy
triggers an exponential production of dark photon. To
illustrate this point, we first expand the dark photon field
in Fourier space,
~X(τ, ~x) =
∫
d3k
(2pi)3
∑
λ=±
[
~λ(kˆ)a~k,λe
i~k·~xXλ(τ,~k) + h.c.
]
,
and find the equation of motion for dark photon as
X ′′± + (k
2 ∓ rXkθ′)X± = 0 , where the prime denotes
a derivative with respect to the conformal time, dτ =
dt/a(t), and θ ≡ φ/f . The nonvanishing classical back-
ground, θ′ 6= 0, leads to exponential production of one
of the helicity modes. Thus, eventually, the source term
in the equation of motion becomes comparable to the
other terms, effectively alleviating the slope of relaxion
potential. As a result, the relaxion field-velocity ap-
proaches an asymptotic value [12], |θ˙X | ≡ rξH, where
the coefficient rξ depends on relaxion parameter only
logarithmically, and numerically takes a value around
ξ ≡ rξ rX ∼ O(10) [14]. The time scale that this par-
ticle production kicks in is tpp = H
−1
pp ' (5rξ)1/2m−1φ .
Once particle production becomes efficient, the relaxion
kinetic energy is a decreasing function in time. Thus,
unlike in the minimal case, even if the relaxion kinetic
energy is larger than the barrier size at Tra, the relaxion
would be trapped eventually as the asymptotic velocity,
θ˙X , is decreasing with time.
In order to determine the resulting DM density in the
presence of dark photons, we need to evaluate the time of
trapping, H−1tr , and the misalignment angle as a function
of the model parameters. The Hubble parameter, Htr, is
set according to:
Htr '
{
Hra ≡ H(Tra) if |θ˙(Tra)| . mφ ,
mφ/rξ if |θ˙(Tra)| & mφ , (7)
3where the relaxion velocity is given as |θ˙| '
min(rξH, m
2
φ/5H), depending on whether efficient parti-
cle production has already been activated at Tra. Having
determined the Hubble scale at the time of relaxion trap-
ping, we find the relaxion excursion from the reheating
to Htr is
∆φ
f
=
m2φ
20H2pp
+
rξ
2
ln
(
Hpp
Htr
)
' rξ
2
[
1
2
+ ln
(
Hpp
Htr
)]
,(8)
where the first term is the relaxion excursion from the re-
heating to the moment of particle production, while the
second term is the relaxion excursion from the moment of
particle production to the time of trapping. We find that
with rξ & 1 the field excursion within a single Hubble
time is generally larger than f , which implies and order
one misalignment angle. The last step required to obtain
the relic abundance is to identify the temperature of os-
cillation, in our case, T 2os ∼MPlHtr, according to Eq (7).
In case where Htr = Hra, the dependence follows that of
Eq. (2),
Ωφh
2 ∼
( mφ
10−3 eV
)2( f
1012 GeV
)2(
100 GeV
Tos
)3
. (9)
For Htr = mφ/rξ, the relaxion is trapped after Tra, and
thus, its relic abundance is less suppressed by the ex-
pansion of the universe. In this case, the observed relic
abundance is
Ωφh
2 ∼
( mφ
10−3 eV
)1/2( f
1012 GeV
)2
× r3/2ξ . (10)
We note that as we consider the coherently oscillat-
ing relaxion DM, its mass should be less than ∼ 10 eV
in order to be described by classical field (see for in-
stance [15]). For this range of relaxion mass, the pos-
sible decay channels are into two photons and two dark
photons, Γ = Γγγ + ΓXX , with,
ΓXX =
r2X
64pi
m3φ
f2
∼ (108 Gyr)−1
( mφ
1 eV
)3(rX1010 GeV
f
)2
.
As the mixing angle between the relaxion and Higgs can
maximally be sin θhφ ∼ v/f , the partial width to dipho-
ton is subdominant relative to its decay into dark dipho-
ton, for rX ∼ 1 [16, 17]. Since the decay of dark matter
into relativistic particles affects the spectrum of cosmic
microwave background at low-` multipoles, the lifetime
is constrained as Γ−1 > 160 Gyr [18], and therefore, only
mildly constraining our model’s parameter space.
As mentioned m . 10 eV is required for coherent DM
model, on the other hand, the relaxion cannot be too light
because of dynamics during the inflationary phase of the
universe. Requiring classical evolution of the relaxion
field, and also that the inflaton sector would dominate
the total energy density of the universe [1], implies
mφ & 10−12 eV ×
(
Λ
10 TeV
)3(
1010 GeV
f
)1/2
. (11)
We have assumed that the relaxion oscillates around
its local minimum after the reappearance of the backre-
action potential, while ignoring its coupling to the dark
sector. For rX & O(10), it has been demonstrated that
exponential production of dark photons from parametric
resonance would lead to a suppression in the resulting
DM abundance [19, 20]. This suppression factor is at
most ∼ 10−2 for rX ∼ O(102) so that the relaxion
could still be a viable dark matter candidate [20].
Nevertheless, we only consider rX . O(10) to avoid
this region of parametric resonance which further
complicates the cosmological evolution. In addition,
we point that the dark photon is practically no longer
produced after Tos, and the contribution of the source
term, 〈XµνX˜µν〉, to the relaxion equation of motion
redshifts as radiation, i.e. ∝ 1/a4. Upon averaging
over many relaxion oscillation, this residual gauge field
merely shifts the local minimum of the relaxion potential
adiabatically, and has a negligible effect on the dynamics.
Other constraints. In the minimal relaxion model
with sub-eV relaxion mass, additional constraints on our
scenario are from long range forces, and observational
data on the history of astrophysical bodies, such as red
giants, and stars on horizontal branch, which has been
investigated thoroughly in [16, 21]. In the presence of
relaxion coupling to dark photons, the evolution of the
relaxion after reheating continuously produces dark pho-
tons, and their energy density at Htr is estimated to be
ρX(Ttr) ∼ rξΛ4br [12]. As we have assumed that the uni-
verse is dominated by radiation, we require this energy
density to be smaller than the radiation energy density at
the time of trapping, ρX(Ttr) . 3M2PlH2tr ∼ T 4tr. Exam-
ining Eqs. (9) and (10) we find that this is satisfied for
temperature well below the BBN one which is the model’s
absolute lower bound.
In Fig. 1, we present the region of parameter space
where the relaxion could be coherent dark matter and
also the relevant constraints on our scenario. The black
solid lines represent Ωφ = ΩDM for a given choice of
relaxion parameters and Tra. It shows three character-
istic behaviors depending on the mass of relaxion. For
the light relaxion mass, mφ ≤ 5Hra, the Hubble friction
itself is enough to trap the relaxion at the reappearance
time despite that the dark photon production is not
efficient at that time. For intermediate relaxion mass,
5Hra < mφ . rξHra, the Hubble friction and dark
photon production is not sufficient to trap the relaxion
at the reappearance time, but since the kinetic energy is
a decreasing function in time, the relaxion is trapped at
Htr = mφ/rξ . Hra. As the relaxion starts to oscillate
later than Tra, the relic abundance is less sensitive to
the change of relaxion mass, which can be observed as a
little plateau at the center of black lines in Fig. 1. For
heavier relaxion mass, mφ & rξHra, the dark photon
production is sufficient enough to trap the relaxion at
the reappearance temperature.
Discussion. We have shown how relaxion models with
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FIG. 1. A parameter space for coherent relaxion dark matter
for rξ = 25 (and rX = 1). The black solid lines describe
regions consistent with the observed DM relic density. From
top to bottom, we choose Tra = 100, 1, 10
−2 GeV. The red
shaded region is excluded by experiments testing long-range
forces [22–24]. The green shaded region corresponds to Λbr &
v. In the brown region, the relaxion decays into two dark
photons, leaving observable signatures in CMB spectrum. No
viable relaxion cosmology during inflation exists in the gray
shded region. For this gray region, the Higgs mass cutoff is
chosen to be Λ = 104, 105 GeV.
large reheating temperatures can reproduce the observed
dark matter relic abundance. The relaxion behaves as
a classical field similar to axion models but does not re-
quire any specific value of misalignment angle as an initial
condition. On the one hand the relaxion is an axion-like
particle, with its mass protected by an approximate shift
symmetry, while on the other hand, the relaxion mixes
with the Higgs boson and behaves as a classical coherent
scalar DM despite the fact that it has nothing to do with
the dilaton or scale-invariance symmetry. The physical
relaxion is not a CP eigenstate, and this allows relaxion
to have both scalar-coupling and pseudoscalar-coupling
to SM particles. Due to axion-like coupling to SM par-
ticles, axion DM searches can be applied to our relaxion
DM scenario (see e.g. [25] and Refs. therein). More inter-
estingly, due to the mixing with the Higgs, fundamental
parameters in SM, such as the mass of SM fermions and
the fine structure constant, could oscillates because of co-
herent oscillation of relaxion DM (effect that is far larger
than the one resulting from the coupling in charge of the
scanning of the Higgs mass [1]). A change of fundamental
constants induced by coherent dark matter field is being
actively investigated with precision measurements, such
as atomic clocks [26–28]. It is also interesting to point
that in the region where f . 1010 GeV our relaxion dark
matter could also solve the strong CP problem [29]. This
is a unique case where a single degree of freedom is asso-
ciated with a possible solution to the hierarchy problem,
the strong CP problem, and at the same time being a
viable dark matter candidate.
We finally note that Ref. [30], which discusses the pos-
sibility of the relaxion being a particle dark matter with
low reheating temperature, appeared, while our paper
was in its last phase of preparation.
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6Appendix A: Equations of motion and asymptotic
behavior of relaxion
The equations of motion for relaxion and dark photon
are given as
0 = φ¨+ 3Hφ˙+
∂V (v, φ)
∂φ
+
rX
4fa4
〈XµνX˜µν〉, (A1)
0 = X ′′± + (k
2 ∓ rXkθ′)X±, (A2)
where the prime and overdot denote a derivative with
respect to the conformal time and the physical time, re-
spectively, and θ ≡ φ/f . The metric is given as
ds2 = dt2 − a2(t)δijdxidxj . (A3)
To investigate how the particle production affects the re-
laxion evolution, it is more convenient to write the source
term in the relaxion equation of motion in Fourier space,
1
4a4
〈XµνX˜µν〉 = 1
a4
∫
d3k
(2pi)3
k
2
∑
λ=±
λ
d
dτ
|Xλ|2. (A4)
Since the relaxion velocity is θ′ > 0 in our convention,
only λ = + helicity is exponentially produced, while λ =
− helicity state remains almost vacuum fluctuation.
The relaxion evolution before the particle production
is dominantly governed by the slope of the relaxion po-
tential. At the very beginning of relaxion evolution, its
solution in radiation dominated universe is approximated
as
φ˙(t) =
2
5
gΛ3t
[
1−
( trh
t
)5/2]
, (A5)
|∆φ(t)| = 1
5
gΛ3t2
[
1− 5
( trh
t
)2
+ 4
( trh
t
)5/2]
, (A6)
where trh is the physical time at the reheating. Using this
approximate solution, we can estimate the time scale that
the particle production becomes important. For this pur-
pose, we use WKB approximation to solve the equation
of motion for dark photon, and find
X+(k, τ) ≈ e
∫ τ dτ ′ Ωk(τ ′)√
2Ωk(τ)
≡ e
gk(τ)√
2Ωk(τ)
, (A7)
where the frequency is defined as Ω2k(τ) = rXkθ
′ − k2,
and gk(τ) ≡
∫ τ
dτ ′ Ωk(τ ′). This approximation is valid
only when |Ω′k/Ω2k|  1, which is translated into
1
4rX
∣∣∣∣θ′′2θ′4
∣∣∣∣ < k/|θ′| < rX . (A8)
Substituting this solution to the source term, we find
1
4a4
〈XµνX˜µν〉 ≈ 1
4pi2a4
∫
dk k3e2gk(τ) ∼ k
4
∗
4pi2a4
e2gk∗ (τ).
For the last expression, we take a specific wavenumber for
the estimation, k∗ = rX |θ′(τ)|, which becomes stable at
τ . With this wavenumber, we estimate the source term
as
1
4a4
〈XµνX˜µν〉∼ r
4
X |θ˙(t)|4
4pi2
exp
[
4rX
5
θ˙(t)
H
]
. (A9)
When this term becomes comparable to the other terms
in the equation of motion, for instance, ∂V (v, φ)/∂φ,
the dark photon begins to affect the relaxion evolution.
Equating the source term with the slope of relaxion po-
tential, we estimate the Hubble scale at the particle pro-
duction as
Hpp = mφ
√
rX
5ξ
, (A10)
where ξ is given as a solution of
ξ =
5
2
ln
(
10pi
r
3/2
X ξ
f
mφ
)
∼ O(10 – 102). (A11)
The relaxion evolution after this time scale is difficult
to estimate as the equation becomes integro-differential
equation. Still, we know that the relaxion field veloc-
ity must decrease with time. To see this, we consider
the constant relaxion kinetic energy. In this case, the
dark photon field with a constant internal of wavenum-
ber, 0 ≤ k ≤ rX |θ′|, experiences tachyonic instability at a
constant rate. This indicates that these wavenumbers of
dark photon keep being exponentially produced, leading
to a exponentially growing source. Therefore, the source
term cannot asymptotes to the slope of relaxion potential
with a constant relaxion field velocity.
The relaxion field velocity must be a decreasing func-
tion in time. Since we do not know the form of the
asymptotic solution, we introduce an ansatz for relax-
ion evolution, and ask which ansatz satisfies the equation
of motion asymptotically. We introduce
θ′(τ) = θ′(τpp)
(τpp
τ
)n
, (A12)
where the subscript indicates a value computed at the
time scale of particle production. It is interesting to ob-
serve that n = 1 allows scale invariant production of dark
photon. From Eq. (A2), at kτ = constant surface, the
dark photon field is enhanced exactly the same amount
relative to its vacuum fluctuation regardless of wavenum-
ber. However, n = 1 cannot be the asymptotic solution
because 〈XX˜〉 contributes to relaxion equation of mo-
tion with a−4, and also because the exponentially pro-
duced wavenumber redshifts such that the integral over
tachyonic wavenumber also scales as a−4. In other words,
despite that the dark photon field,
√
2kX(k, τ), is en-
hanced exactly by the same amount, its contribution to
relaxion equation of motion redshifts as ∝ 1/a8, while
∂V (v, φ)/∂φ remains as constant. The relaxion evolution
that allows the dark photon source term to asymptote to
the slope of the potential would be the one with n < 1.
To estimate this more carefully, we use the WKB so-
lution again in addition to saddle point approximation,
7and find
1
4a4
〈XµνX˜µν〉 ' e
2gk˜(τ)
8pi3/2
(
k˜
a
)4(
−k˜2 ∂
2gk
∂k2
∣∣∣∣
k˜
)− 12
. (A13)
The saddle point k˜ is obtained as a solution of
∂gk(τ)/∂k|k=k˜ = 0, and is generally a function of confor-
mal time. To find the asymptotic solution, it is crucial to
know how gk˜(τ) scales because the source is exponentially
sensitive to it. By definition, the saddle point satisfies∫ τ
dτ ′
rXθ
′(τ ′)− 2k˜
2
√
rXθ′(τ ′)k˜ − k˜2
= 0, (A14)
for any conformal time. If we shift τ → λτ with a scaling
parameter λ, the saddle point should scales as
k˜ → k˜λ = λ−nk˜, (A15)
in order to satisfy Eq. (A14). This immediately leads to
gk˜(τ)→ λ1−ngk˜(τ),
∂2gk
∂k2
∣∣∣∣
k˜
→ λn+1 ∂
2gk
∂k2
∣∣∣∣
k˜
. (A16)
Substituting this scaling behavior into the source term,
Eq. (A13), we notice that the source is a decreasing poly-
nomial of the scaling parameter for n ≥ 1, while it expo-
nentially grows for n 1. Thus, it is 0 < 1−n 1 that
allows the source term to asymptotes to the slope of the
relaxion potential.
In this respect, we write 1− n ≡  1. We find
a−4〈XµνX˜µν〉(τ)
a−4pp 〈XµνX˜µν〉(τpp)
≈
(
τ
τpp
)−8+2gk˜(τpp)
. (A17)
From this, we find
 ≈ 4
gk˜(τpp)
∼ 5
ξ
< 1, (A18)
in order for a−4〈XX˜〉 to asymptote to the slope of re-
laxion potential. Here, we have estimated the exponent
gk˜(τpp) from Eq. (A9). Using this result, we find the
asymptotic relaxion evolution as
θ′ ' θ′pp
(τpp
τ
)1−
= rξ(aH)
(
τ
τpp
)
, (A19)
θ˙ ' rξH
(
t
tpp
)/2
' rξH
[
1 +

2
ln
(
t
tpp
)]
, (A20)
where rξ ≡ ξ/rX . The relaxion evolution after the parti-
cle production scales as θ˙ ∝ H in addition to small loga-
rithmic time dependence, which we ignored in the main
text.
